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Abstract 

In this paper, we study the kernel of the reciprocity map of certain 
simple normal crossing varieties over a finite field and give a example of 
a simple normal crossing surface whose reciprocity map is not injective 
for any finite scalar extension. 



Introduction 

The reciprocity map of the unramified class field theory for a proper variety 
X over a finite field k is a homomorphism of the following form: 

p x :CH (X)^7Tf(X), 

which sends the class of a closed point x to the Frobenius substitution at x. 
Here CHq(X) is the Chow group of 0-cycles on X modulo rational equiv- 
alence, and irf b (X) is the abelian etale fundamental group of X. If X is 
normal, px has dense image [UJ. If X is smooth, px is injective [TU]. We 
also know that there is a projective normal surface X for which px is not 
injective [12] , and that there is a simple normal crossing surface X over k for 
which px/n is not injective but px®E/n is injective for any sufficiently large 
finite extension E/k and some n > 1 |15j . Here a normal crossing variety X 
over k is a separated scheme of finite type over k which is everywhere etale 
locally isomorphic to 

Spec(A;[T , • • • , T d ]/{T Q T^ ■■■%)) (0 < r < d = dimX). 
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A normal crossing variety X over k is called simple if any irreducible com- 
ponent of X is smooth over k. For any simple normal crossing variety X, we 
have an exact sequence (cf. Section 1.3) 

H 2 (T X , Z/n) ^ CH (X)/n ^ nf(X)/n, 

where Fx is the dual graph of X which is a finite simplicial complex (cf. 
Section 1.1). Hence, by studying on the map ex, n , we get an information 
about the injectivity of px/n. However ex, n is abstract and difficult to com- 
pute directly. In this paper, for a certain simple normal crossing variety X 
over k, we investigate ex, n and the kernel of the reciprocity map px by using 
the etale homology theory and the cohomological Hasse principle. We also 
construct a simple normal crossing surface Y for which the map 

p Y ® F /n : CH (Y ® k F)/n -> ir?(Y ® k F)/n 

is not injective for any finite extension F/k and some n > 1. 

Let Y a projective smooth and geometrically irreducible variety over k 
and D be a simple normal crossing divisor on Y Q . We put O :— (0 : 1), oo : = 
(1 : 0) G F\. We then consider the following simple normal crossing variety: 

Y := (Y x k O) U (Yq x k oo) U (D x k P 1 ) C Y x k P 1 . 

The following map plays an important role on the kernel of the reciprocity 
map py of Y: 

5 Y :H 1 (T D ,Z)^CH (Y). 

We will construct the map 5y in Section 2.1 and prove the image coincides 
with the kernel of the reciprocity map py- We consider the norm map o : 
Hi(Tjy, Z) — > Hi(Td,Z), and put G(Y) the image of the composite map 
5y o a. The group G(Y) relates to the following group and map (cf. Section 
2.2) 

9, := Coker(07rf {D^ 1 — > vrf (%y r °- e ), 
j 

Here Y := Y ® k k sep and denotes irreducible component of D := D® k k sep , 
and 7] -n 6 (_)P r °- £ denotes the maximal ^-quotient of Tif > {—). 
The main result of this paper is the following theorem: 
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Theorem 0.1 (Theorem 12 .9p . Let I be an arbitrary prime number. 

(1) The t-primary part G(Y){£} of G(Y) is a subquotient of (Qgj . 

(2) Assume that 

(i) each connected components ofY^ has a k -rational point, 

(ii) Gk acts on {®e) tors trivially. 

Then G(Y){£} is isomorphic to the image of the map 

In their paper [T2], Matsumi, Sato and Asakura proved a similar assertion 
of Theorem lU.il for projective normal surfaces over finite fields. Theorem lO.il 
shows an analogy of their result for certain simple normal crossing varieties 
over finite fields. 

The remarkable point in Theorem 10.11 is the map does not vary for 
finite scalar extensions and the group Im(cr^) relates with G(Y). Therefore 
we will get a information about the potential injectivity of the reciprocity 
map py by studying on G(Y) and using the map a". If the assumptions 
of Theorem 10.1( 2) is satisfied and Im(cr^) is not trivial, then for any finite 
extension F/k the map Py®f is not injective, i.e. potentially not injective. 
We will give such a surface in Section 3.1. 

This paper is organized as follows : In Section 1, we prepare some lemmas 
and theorems to prove the main result, and recall a cohomological Hasse 
principle and etale homology theory. In Section 2, we construct the map 5y 
and prove Theorem 10.11 In the last of this paper, we give a simple normal 
crossing surface over a finite field whose reciprocity map py is potentially 
not injective. 

0.1 notation 

(0.1) For an abelian group A and a positive integer n, A/n denotes the 
cokernel of the map A — ^> A. A tors denotes the torsion subgroup of A. A en 
denotes the direct sum of n copies of A. 

(0.2) For a field k, k x denotes the multiplicative group, k sep denotes a 
fixed separable closure, Gk denotes the absolute Galois group Gal(fc sep /fc), 
Gl b denotes the maximal abelian quotient group of Gk- For a connected 
scheme X, n^ b (X) denotes the abelian etale fundamental group. Further, for 
a non-connected scheme V, nf'iV) denotes ® s ^i b {Vi) where Vi are connected 
components of V. For fc-scheme X, 7if eo (X) denotes Ker(7r" b (X) — ► Gjjf). 

(0.3) Let A; be a field and X be a fc-scheme. For a field extension F/k, 
X <S>k F denotes X x Spec ( fc ) Spec(F). Especially, for a fixed separable closure 
k sep /k, X denotes X x Spec(k) Spec(fc sep ). 
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(0.4) For a scheme X and an integer q > 0, X q denotes the set of points 
on X of codimension q. If X is of finite type over a field, X q denotes the set 
of points on X which dim({x}) = q. Put d := dimX, X q = X q . For a 
point x e X , n(x) denotes the residue field. For an integral scheme X, k(X) 
denotes the function field. For a scheme X of finite type over a field k and 
of pure dimension d, we define the following group: 

CH (X) := Coker(a 1 : k(x) x — z), 

where <9i is defined by the discrete valuation. 
If X is proper over k, there is the degree map 

CH {X)^+Z, 

Aq(X) denotes its kernel. 

(0.5) H r (—, — ) denotes an etale cohomology group. Especially, H r (F, — ) 
denotes H r (Spec(F) , — ) for a field F. 

Let X be a scheme. For an integer n > 1 invertible on X, we denote /z n 
the etale sheaf of n-th roots of unity. For an integer i > 0, we denote Z/n(i) 
the etale sheaf 

Let X be a smooth variety over a perfect field of positive characteristic p. 
For a positive integer n = mp r ((m,p) = l) and a positive integer i, we put 
r L/n{i) := Z/m(i) W r VL l x log [— i], where W r VL' x log denotes the logarithmic 
part of the de Rham— Witt complex iy r £7^ on X 6t (cf. [6]). 

(0.6) We recall here Bloch— Kato conjecture. 

Conjecture 0.2 (Bloch— Kato |2J). Let k be a field and i be non-negative 
integer. Then for a positive integer n prime to the characteristic ch{k) of k, 
the following Galois symbol map is bijective 

W Kn :K t {k)/n^H\k,Z/n{i)). 

For this conjecture, the following results is known: 

Theorem 0.3. Conjecture 1 0. 2\ is true for the following cases: 

(i) i < 2, and n is arbitrary positive integer prime to ch(k). 

(ii) n = 2, and i is arbitrary non-negative integer. 

The case i = 1 follows from the Kummer theory, and the case i = is 
clear. The case i = 2 is proved by Merkur'ev— Suslin [T3]. The case (ii) is 
due to Voevodsky [17] . 
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1 Preliminary 



In this section, we prepare some lemmas and theorems for the proof of the 
main result. We also recall the cohomo logical Hasse principle and etale ho- 
mology theory. 

Through this paper, k is a finite field and n is a natural number. 

1.1 Simple normal crossing varieties over finite fields 

We here prove some lemmas about simple normal crossing varieties over finite 
fields. In case of curves, similar lemmas are proved in [12] . We extend these 
lemmas to higher dimensional cases. First we define a simple normal crossing 
variety over a field. 

Definition 1.1. Let X be a equidimensional scheme of finite type over a 
field k. Then we call X a normal crossing variety over k, if X is separated 
over k and everywhere etale locally isomorphic to 

Spec(fc[T , • • • ,Td]/(ToTi ■ ■■%)) (0 < r < al = dimX). 

A normal crossing variety X is called simple if any irreducible component 
of X is smooth over k. For a simple normal crossing variety X, we use the 
following notation: Let {Xi} ieI be the set of irreducible components of X. 
For a positive integer r, we define 

XW:= ]l X n x x X l2 x x ---x x X lr . 

{il,l2,— ,V}C/ 

Now we define a simplicial complex of which homology groups are very 
important tool in the unramified class field theory for simple normal crossing 
varieties over finite fields. 

Definition 1.2. Let X be a ^-dimensional simple normal crossing variety 
over k. Then we define a simplicial complex T x called the dual graph of X 
as follows: 

Let {Xi} i£ j be the set of irreducible components of X. Fix an ordering 
on I. The set of r-simplexes & r of T x is the set of irreducible components of 
X^'\ We determine the orientation on r-simplexes inductively on r by the 
fixed ordering on I (cf. |7. §3]). 

Let F/k be an algebraic extension. We put Y := X <S>k F. Let {Yj}j e j 
be the set of irreducible components of Y. Then we define a semi-order on 
J as follows: ji,j2 G J, 

Ji < 32 </>(ji) < <j>(h), 
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where : J — ► / is the map which sends j to <f)(j) when Yj lies above X^uy 
By using this order on J, we define the homomorphism of the complexes 

o'F/k '■ Ty — ► Tx- 

Then the homomorphism H a (Ty, Z) — > H a (Tx, Z) induced by cr F / k is called 
norm map. 

In the rest of this subsection, X denotes a simple normal crossing variety 
over a finite field k which is proper over k. 

Lemma 1.3. (1) The degree l 0-part' A (X) ofCH (X) is finite. 

(2) Assume that each connected component of X^> has a k-rational point. 

Then the canonical map i : i6/ A$(Xi) — > Aq(X) is surjective. 

Proof. We consider the following commutative diagram with exact rows: 

CH (X&) K (k) Z/ mi -> 

V 

©, M*i) ©i CH Q (Xi) £ 4 K (k) Zjm t - 

w 

MX) CH (X) K {k). 

(1.1) 

Here mi = [T(X[ 2 \ O (2)) : fc] for connected components xf^ of X^ 2 ^ and 
mi = [T{X u O Xi ):k}. 

(1) Since Xj is smooth for any i, Ao(Xi) is finite by a theorem of Kato- 
Saito [ID]. 

On the other hand, by the diagram we have a surjective map from the 
kernel of v to the cokernel of i. Hence we see that the cokernel of the map i 
is finite by and that A (X) is finite. 

(2) Under the assumption, the map deg X {2) i k is surjective. The assertion 
follows from the diagram (11.11) . □ 

Lemma 1.4. Let {W s } be the set of connected components of X, and {Vj} 
be the set of irreducible components of X . Then there is an exact sequence 
of finite left Gk-modules : 

© irf(Vj)/n ixf(W s )/n H X {Y Y , Z/n) 0. (1.2) 



6 



Further the following diagram commutes: 

Trf (W s )/n nf(X)/n (1.3) 

(*1) (*2) 

ffi(r x , Z/n) Fa(rx, Z/n). 

Proof. Since we have the canonical isomorphism 

0< 6 (Wg/n ~ Hom^^Z/n^Q/Z), 

it is sufficient to prove the corresponding statements on etale cohomology 
groups and 'cohomology' of dual graphs. The finiteness of groups in (II. 2p 
follows from the finiteness of etale cohomology groups [U XVI, 5.2] and the 
definition of dual graph. 

We consider the following exact sequence of etale sheaves on 

^ Z/n x Z/n Vj Z/n^w+i) ^ . 

Here x[ d+1 ^ denotes irreducible components of X d+1 , and we have omitted 
the indication of direct image functors of sheaves. From this exact sequence, 
we obtain a spectral sequence 

E p { q = H q (X (p \z/n) H p+q (X,Z/n). 

By computing i?2-terms, we have an exact sequence 

. #i(r_ z/n) H X (X, Z/n) 0, H\V V Z/n). 

The Pontryagin dual of this sequence provides us with the map (*1) and 
proves the exactness of (11.21) . The commutativity of (11.31) follows from the 
following commutative diagram of etale sheaves on 

*~ Z/ n x >- Z/ n Xl ' Z/ n X (d+i) 

Z/n-x Z/n v . Z/n- {d+1) 0, 

and the fact that the map (*2) comes from the upper row. □ 

The following lemma follows from the Hochshild-Serre spectral sequence 
associated with X — > X (cf. [E]). 
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Lemma 1.5. The canonical map @ 7r" 6 (W s ) 
phism 



7T 



" (X) induces an isomor- 



0vrf(^) G ^vrf°(X). 



We put Hi(T x ,Z) := lim #i(T x , Z/n). We write Fx(r x ,Z) x for the 

< n ' 

image of the norm map Hi(Tj^, Z) — > Hi(Tx,^)- The following proposition 
is the 'geometric' part of the unramified class field theory for a simple normal 
crossing variety. 



Proposition 1.6. There is an exact sequence 

A Q {X)^*r{X)^ Hl {T x X 
Further the following diagram commutes: 

vrf°(X) ^nf(X) 



x 



0. 



(*3) 

#i(r*,z) T 



(*2) 

#i(r x ,z). 



Proo/. We write CH (X) A for lim CH (X)/n, K (k) A for lim K (k)/n. We 

< n < n 

consider the following commutative diagram with exact rows: 







A (X) 



deg A 

CH {X) A ^^K {k) A 



qeo 

Px 



.vrf°(X) 



P'x 



(*2) 



#i(r*,z) 



where the map p x is induced by the reciprocity map p x of the unramified 
class field theory for X. Here we used the finiteness of A (X) (cf. Lemma 
11.31) . and the fact that the pro- finite completion of an exact sequence of 
finitely generated abelian groups is exact. Since the map p A is injective 
(in fact bijective), the cokernel of the map Px° is isomorphic to the image 
of nf eo (X) in Hi(Tx,^)- Therefore Coker(p^°) coincides with Hi(T x^)x 
from Lemma [1.41 □ 

Remark 1.7. If X is a curve, the map p g ^° in the above proposition is 
injective by Kato— Saito [TU] . 
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1.2 Bloch— Ogus— Kato complex 

In this subsection, we recall the theorem called a cohomological Hasse prin- 
ciple. First we recall Bloch— Ogus— Kato complex. 

For X be an excellent scheme and integers r,s,n > 0, Kato define a 
homological complex C r,s (X, n) (cf. [HI §1]): 

, Q)H r+i {K(x),Z/n{s + i)) -> H r+l -\n{x),Z/n{s + i- 1)) 

-> ► F r+1 (K(x), Z/n(a + 1)) -> iF(«(x), Z/n(s)). 

The degree of the term is i. The following canonical map for a fraction 

xeXi 

field if of a discrete valuation ring and its residue field F plays an important 
role in the definition of the boundary map for the above complex 

W(K,Z/n(j)) — W-\F,Z/n(j - 1)). 

Remark 1.8. In the definition of C r,s (X,n), we assume that if r = s + 1, 
for any prime divisor p of n and any x G Xo such that ch («;(#)) = p, we have 
: k(x) p ] < p s . The assumption is satisfied in the case we consider in 
this paper. 

Definition 1.9. Kato homology of X with coefficient Z/n defined by 

H r t > s (X,n) :=^(C^(X,n)). 
Kato conjectured the following for varieties over k : 

Conjecture 1.10 (Kato [9]). Let X be a connected projective smooth variety 
over k. Put Hf{X^n) := Hj ,0 (X,n). Then we have 



H«(X,n) 



(fj/0, 
Z/n ifi = 0. 



If dimX = 1, this is classical. This is an analogy of the following exact 
sequence for Brauer group of a number field K: 

Br(tf) — > 0Br(^) — > Q/Z — > 0. 

The following theorem is called the cohomological Hasse principle and 
shows Conjecture ll.lOl is true for dimX = 2. Colliot-Thelene— Sansuc— Soule 
[5] (in the prime to ch(k) case) and Kato [9] (in the c/i(/c)-primary case) prove 
the theorem. 
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Theorem 1.11 (Colliot-Thelene— Sansuc—Soule, Kato). Let X be a proper 
smooth irreducible surface over k and n be a natural number. Let r\ be the 
generic point of X . Then Bloch—Ogus—Kato complex 

-> H 3 (k(X),Z/n(2)) -> H 2 (K(x),Z/n(l)) -» H\k(x),Z/ti) 

is exact and the cokernel of the last map isomorphic to Z/n. 

We know the following theorem on the Kato Conjecture replaced coeffi- 
cient Z/n by Qe/^e for a prime number £, which is proved by Colliot-Thelene 
[I] in the case £ prime to ch(k), and by Suwa [16J in the case £ is a power of 
ch(k). 

Theorem 1.12 (Colliot-Thelene, Suwa). For any prime number £, Qi/Zg- 
coefficient Kato conjecture holds true for degree i < 3. 

Bloch— Kato conjecture (Conjecture 10.21) relates to Z/f-coemcient Kato 
conjecture and (Q^/Z^-coefncient Kato conjecture as follows: If Qe/Zp- coeffi- 
cient Kato conjecture holds true for degree i < m and Bloch— Kato conjecture 
holds true for degree i < m, then Z/^-coefficient Kato conjecture holds true 
for degree i < m. 

Jannsen and Saito [7] proved the following theorem which shows a relation 
between homology groups of a dual graph and Kato homology groups. 

Theorem 1.13 (Jannsen— Saito). Let X be a d dimensional simple normal 
crossing variety over k. Let £ be a prime number and v be a natural number. 
Then there is a canonical homomorphism 

7.:#*(X,0— ►ff B (r Jr ,z/0- 

Further, if Coniecture \l.lC\ holds true for degree < m, then 7 a is isomorphism 
for any a < m. 

1.3 Etale homology theory 

We here define etale homology and compute a spectral sequence associated 
with that homology. 

For a separated scheme X of finite type over k and a natural number n, 
we define the etale homology with coefficient Z/n to 

Hi(X,Z/n) := Horn (H l c (X, Z/n), Q/Z). 
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Here #*(—,—) denotes an etale cohomology group with compact support. 
This functor Z/n) forms a homology theory on the category of sepa- 

rated schemes of finite type over k and proper fc-morphisms. By Bloch— Ogus 
[3], we have a niveau spectral sequence 

E L = z /™) Z M 

xeXp 

Here for x £ X, we define 

Hi(x,Z/n) :=]jmHi(U,Z/n), 



and the limit is taken over all nonempty U which is open in the closure {x} 
of x in X. 

This homology theory satisfies the Poincare duality: 

Lemma 1.14. Let V be an connected smooth variety over k with dim = d. 
Let n be a natural number. Then we have the following isomorphism: 

H m (V,Z/n) ~ H 2d+1 - m (V,Z/n(d)). 

Proof. If n prime to ch(k) , this isomorphism follows from the Poincare duality 
[H] for V and the duality for Galois cohomology of k. 

If n is a power of ch(k), this is proved in [8]. □ 

The following proposition follows from Lemma fl. 141 and the above spectral 
sequence (OD (cf. [12, Prop. 2.4]). 

Proposition 1.15. For a variety X overk and anyn £ N, we have a spectral 
sequence 

El, q (X,n) := H^\ K (x),Z/n(p)) =► H p+q {X,Z/n). (1.5) 

If p < or q < 0, then E^ q = 0. Further, E 1 -terms are Bloch— Ogus— Kato 
complexes. 

Ep (X) denotes Ep q (X,n) below. 

Proposition 1.16. Let X be a simple normal crossing variety over k which 
is proper over k. For any integer n > 1, there is an exact sequence 

H 2 (T X , Z/n) ^ CH (X)/n ^ *?(X)/n #i(r x , Z/n) - 0. 
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Proof. From the spectral sequence (j 1.5ft for X, we obtain the following exact 
sequence 

EUX) — El^X) ^(X, Z/n) — ^ (X) — 0. 

By Theorem 10. 3[ fTTTTI and [LT2l Conjecture 11.101 holds true for degree i < 2. 
Therefore, from Theorem 11.131 we obtain isomorphisms 

El fi (X) = H«(X,n) ~ H 2 (T x ,Z/n), 
El (X) = H?(X,n) ~ £Ti(r x ,Z/n). 

On the other hand, there is a commutative diagram 

^^i(X,Z/n) 

w 

CH (X)/n-^^Trf(X)/n. 

Here the vertical isomorphisms follow from the definition of CHq(X) and 
H 1 (X,'L/n) = Hom(7rJ*(X), Z/n) . Hence the proposition follows. □ 

2 Main result 

In this section, we construct the map 5y of introduction and prove Theorem 
10.11 Let Y be a projective smooth and geometrically irreducible variety over 
k and let D be a simple normal crossing divisor on Y . We then consider the 
following simple normal crossing variety 

Y := (Yq x fc O) U (Y x fc oo) U (£> x fc Pj) C Y x fc Pj. 

Here O := (0 : 1), oo := (1 : 0) G P£. 

2.1 Construction of £y 

First, we prove the following proposition on an important homomorphism in 
study on Ker (py). 

Proposition 2.1. There exists a homomorphism 

5 Y :H 1 (T D ,Z)^CH (Y) 
whose image coincides with Ker(py). 
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We prove this proposition admitting the following lemma. 
Lemma 2.2. There exists an exact sequence: 

Hi(F D , Z/n) CH (Y)/n ^ nf(Y)/n. 
Proof of Proposition \2.1[ We consider the following diagram: 

#i(r D , Z) - CH {Y) Trf (Y) (2.1) 

H X {T D , Z) — Ctf (Y) A — Trf (Y), 

where the bottom sequence is obtain by the projective limit of Lemma 12.21 
and exact. Since A (Y) is finite (cf. Lemma [TT37 1)) and Ker(py) C A (Y), 
we have Ker(py) ~ Ker(p^). We define <5y by the composite 

H X {T D , Z) H X {Y D , Z) — Ker(p y ) — Ker(p y )c CH (Y). 

Then we have Im(<5y) = Ker(py), since the group Im(<5) = Ker(py) is finite 
and the map Hi(T D ,Z) — > Hi(T Dl Z) has dense image with respect to the 
pro-finite topology. □ 

We consider the norm map a : H^Tjy, Z) — > Hi(T D , Z) and put 

G(Y) :=lm(5 Y oa:H 1 (T v ,Z)^CH (X)). 

The group G(Y) is a subgroup of Ker(py) from Proposition 12. II In the next 
subsection, we describe G(Y) with the map a defined below. 

We prove Lemma 12.21 admitting the following sublemma. 

Sublemma 2.3. There are two exact sequences: 

(1) CH (D)/n — CH (Y )/n® 2 — CH (Y)/n — 0, 

(2) ?rf (D)/n — > nf(Y )/n m — ► nf(Y)/n. 

Proof of Lemma \2.2i From Proposition 11.161 and Sublemma 12.31 we obtain 
the following commutative diagram with exact rows: 

CH (D)/n CH (Y )/n® 2 CH (Y)/n 

~ py/n 

Trf (D) /n Trf (Y ) /n® 2 > Trf (Y) /n 

: j 

H^Y^Z/n). 
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By this diagram, we have a homomorphism 

5 n : H^T^Z/n) CH (Y)/n 
whose image coincides with Ker(py/n). □ 
Remark 2.4. By Proposition I1.16( we have an exact sequence 

H 2 (T Y , Z/n) ^ CH (Y)/n nf(Y)/n. 

On the other hand, from the structure of Y, we obtain a suspension isomor- 
phism 

H 2 (T Y ,Z/n) ~F!(r D ,Z/n). 

Therefore we have the map 

H^T D ,Z/n) ~ H 2 (T Y ,Z/n) — > CH (Y)/n 

whose image coincides with Ker(/?y/n). This map coincides with the map S n 
of Lemma 12.21 

To prove Sublemma 12. 3[ we consider the following variety and two closed 
subschemes: 

S := (Y x k O) U (Y x k oo) U (D x k P 1 ), 

Z:= (Y x k O)u (Y x k oo) C Y, 

Z' := (Y x k O)u(Y x k oo)u(Dx k {O, oo}) C S. 

Then we have 

Y\Z = S\Z' ~DxG m . (2.2) 

Proof of Sublemma \2.3[ From Proposition II. 151 and (12. 2p . we obtain two ex- 
act sequences of complexes for fixed q : 

— E\ q {Z) El >q (Y) E\ q {U) — 0, (2.3) 
— E\ q {Z<) E\ q {S) — * E\ q (U) 0. (2.4) 
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(1) From the above exact sequences (I2.3P and (12. 4p for q — 1, we obtain 
the following commutative diagram with exact rows: 

Ef^D x G m ) ^CH (Z')/n^+CH (S)/n ^CH (D x G m ) (2.5) 

E 2 n (D x G m ) ^CH (Z)/n ^CH (Y)/n *CH (D x G m ) 

Now we have CH (Dx G m ) = 0. We compute the kernel of the map (3. Since 
there are the following isomorphisms 

CH (Z') ~ CH (Y f 2 © CH (Df 2 , 
CH (S) ~ CH (Y f 2 © C# (D x P 1 ), 
CH (D xP 1 )- CH (D), 

we have 

Ker(/3) = {(0,0,c,-c)| c G CH (D)/n} 
~ CH (D)/n. 

Hence, by the diagram (12.51) and CH (Z)/n ~ C Ho(Yo) / n® 2 , we have an 
exact sequence 

CH (D)/n — Cifo(^o)K 2 — CH (Y)/n — 0. 

(2) Considering the localization sequence of etale homology groups, we 
obtain the following commutative diagram 

# 2 (£> x G m ,Z/n) *ir?(Z')/n-?-+w?(S)/n ^#i(£> x G m ,Z/n) 

fl" 2 (D x G m ,Z/n) *-ir?(Z)/n ^vrf (F)/n ^#i(£> x G m ,Z/n). 

(2.6) 

Similarly to (1), we have Ker(/3'j ~ n^ b (D)/n. Hence, by the diagram (12. 6p 
and TCi b (Z)/n ~ Tr^Yo)/""-® 2 ; we have an exact sequence 

Trf {D)/n — vrf (Yo)/^ 2 — < 6 (Y)/n. 

□ 

We use the following lemma to define the map 5y° below. 
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Lemma 2.5. There are two exact sequences: 

(1) A (D) ^ A (Y )^ — >A (Y), 

(2) 7rf°(D) — > vrf o (y ) e2 — > vrf°(y). 



Proof. From the projective limit of Sub lemma 12.31 we have the following 
commutative diagram with exact rows: 



CH (DY ^(CH (Y o rY 



ch (yy 







K (ky 



K {k)> 



0. 



{Ko(k) A y 



Applying the snake lemma to this diagram, we obtain an exact sequence 



A (D) — A (Y 



A (Y). 



Simiarly to (1), the sequence (2) is obtained by applying the snake lemma 
to the following commutative diagram with exact rows (cf. Sublemma 12. 3j) : 



nf(D) -7rf(r ) 



Gi 



G' 



irf(Y) 



0. 



□ 



Now we define the map 

6 9 Y eo :H 1 (T D ,Z) iy ^CH (Y) 

to be that induced by the following commutative diagram with exact rows 
(cf. Lemma [2.51 Proposition II. 6p : 



A (D) 



7rf eo (D) 



A (Y y 



■MY) 



•vrf (>o) e2 ' 



•7rf°(F) 



Hi(T D , 

Here the bijectivity of the middle vertical map is due to Kato— Saito [10] 
The following proposition plays a key role in the proof of the main result. 
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Proposition 2.6. The following diagram commutes: 



D 



(2.7) 



c 9 eo 



#i(r D ,z) 



Proof. The commutativity of this diagram follows from the constructions of 
6~y,o~y° an d the commutativity of the following diagrams (cf. Lemma 11.41 
Proposition II. 6p 



7lf°(D) 



A {Y) »CH {Y) 



H X {T D , H^Td, Z), 7rf°(Y) vrf (F), 



irf(D) 



■#i(r c ,z). 



□ 



We use the following map in the proof of the main result. 
Lemma 2.7. There exists an infective homomorphism 

>iP : Coker(A (£>) -> A)(>o)) c -4)00- 

Proof. We consider the following commutative diagram (cf. Lemma [2. 5p 

4,(£>) -A (y ) 

B2 — Ao(y)) 



where £ maps an element a of A (lo) to an element (a, —a) of A (Y )® 2 . 
From this diagram, we obtain an injective homomorphism 

i> : Coker(A (D) -> 4)(lo)) c *A (Y). 



□ 
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2.2 Proof of Theorem IOTP 

Let I be a prime number. We write 0£ for the GVmodule 

Coker(7rf (D (1) ) pr °- £ — ► nf(Yo) pr °- e ). 
We consider the following G^-equivariant homomorphism 

induced by the following commutative diagram with exact rows 

Trf — - <Cd)^ — - ffi(r n , Zt) 

> Trf (T^) pr °-^ — ^->- irf (Yo) pr °- e 0. 

By the weight argument, Matsumi, Sato and Asakura [121 Thm. 3.3] 
proved the following: 

Lemma 2.8 (Matsumi— Sato— Asakura). Let i be an arbitrary prime num- 
ber. 

(1) The image of is contained in (Qe) t ■ 

(2) Assume that Gk acts on (®e) tors trivially. Then the composite of canon- 
ical maps 

is injective. 

Theorem 2.9 (Theorem 10. ip . Let I be an arbitrary prime number. 

(1) The t-primary part G(Y){£} of G(Y) is a subquotient of (O^J . 

(2) Assume that 

(i) each connected components of has k-rational point, 

(ii) Gk acts on (Qe) t trivially. 

Then G(Y){£} is isomorphic to the image of the map 

Proof. (1) For a finite abelian group M, we write for the maximal 

^-quotient. Since Aq(Y) is finite (cf. Lemma 11.3( 1)). the ^-primary part 
G(Y){£} is identified with G(Yp i \ and hence identified with the image of 
the composite map 

{6y o af } : HxiFjj, Z) — > A (Y) — A (Yf\ 
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From the commutativity of the diagram (12.71) in Proposition 12.61 and the 
constructions of 5y° and the map (5y ° (A is decomposed as follows: 

Hl (r», z) -*L e t — (e,) Gfe ^1 a (f)w, 

where r/^ denotes the following composite map: 

(e e ) Gk ~ Coker^? 60 ^ 1 ^™"' -> 7rf°(r o r o "') 
~ Coker(A (£> (1) ) W -> A (y ) W ) 
- Coker(A (D)W - A (y ) W ) ^ A (Yf\ 

From Lemma I2TBT 1). the image of is contained in (®e) tors - Thus, G(Y){£} 
is a subquotient of (®e) tors - 

(2) It suffices to show that the composite of canonical maps 



Im(a«)^ (Q e ) tors -Jl m tors ) Gk ^ (&i) 0k MY) 



(0 



is injective under the assumptions. Here the first map is injective by (1). 
From Lemma [2.8( 2). the composite map fi o f x is injective. Under the as- 
sumption (i), fy® coincides with the map ip^ from Lemma [T751 (2). and hence 
is injective from Lemma I2.7L □ 



3 Examples 

We here give two examples of simple normal crossing surfaces over k. One 
is a surface Y\ for which ^(Ty^f, Z) is not trivial but Py^f is injective 
for any finite extension F/k. Another is a surface Y2 for which Py 2 (8>f is not 
injective for any finite extension F/k. We also see that the map PY 2 ®F/n 
is not injective for some positive integer n. On the other hand, there is a 
simple normal crossing surface Y 3 for which py 3 is not injective but Py 3 ®e is 
injective for any sufficiently large finite extension E/k (cf. [T5]). 

Example 3.1. Let Y := P 1 x k P 1 and D be the simple normal crossing 
divisor on Y defining the following polynomial : 

D : (x 2 -y 2 )(z 2 -w 2 ) = C Y . 

Then, for any finite extension F/k, we have 

#!(r D0F ,z) ~z. 
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On the other hand, since Trf b (Yo) — 0, we have O = 0. Hence, from 
Theorem 12.9} for the following simple normal crossing surface Y\ := (Y x k 
O) U (Yq Xfe oo) U [D Xfc P 1 ), the map py 1 is injective for any finite scalar 
extension. 

Example 3.2 (cf. [12J). Let n > 1 be a natural number and (n, 6-ch(k)) = 1. 
We assume k is a finite field containing a primitive ra-th root of unity (. We 
consider a Fermat surface 

V : T n + T™ + T 2 n + T 3 n = C P|, 

and a free action on V 

r : ('/„ : 7 , : T> : T 3 ) .— (7|, : c,7 , : C 2 7 2 : C ! 7 :i ). 

Then we have a projective smooth surface Y := V/ < t >. 
Now we consider 2n lines onV: j = 1, . . . , n — 1 

Li : T + Ti = T 2 + T 3 = 0, 
L 2 : T + T\ = T 2 + (T 3 = 0, 

: T + C j Ti = T 2 + C J T 3 = 0, 

T 2 T ' : T + C J Tx = T 2 + C j+1 T 3 = 0. 

Then the following divisor L on V is a connected simple normal crossing 
divisor: 

L = L x U L 2 U Li T U ■ ■ ■ U Li^ 1 U L 2 T ^ X . 

This divisor L is stable under the action of < r >. 

Let <f : V — > Y and Cj = y2*(Lj) (z = 1,2). Since is isomorphic to L iy 
Ci is a nonsingular rational curve on Yo and D = C\ U C 2 is a simple normal 
crossing divisor on Yo- Moreover every singular points of D are fc-rational. 

Since V is a hypersurface in PjjLep, 7r" 6 (V) = (cf. [15], Lemma 3.5.]). 
Hence we have 

vrf (Yq) ~< r >~ Z/n. 

Since Cjis rational curves, 7r" fc (Cj) = 0. Therefore, acts on ©t ors trivially. 

On the other hand, because (p induces the completely splitting covering 
L — >D, 
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is surjective. 

We then put Y 2 := (Y x k O) U (Y x k oo) U (D x fc P 1 ) . From Theorem EH 
Ker(py 2 ) ~ Z/n. Thus py 2 is not injective. Moreover, we have Ker(py 2(g) i?) ~ 
Z/n for any finite extension F/k, therefore the map Py 2 ®f is not injective. 
We also know that the map pY 2 ®F/n is not injective. 

Remark 3.3. We can construct an example of a higher dimensional variety 
for which the reciprocity map is not injective for any finite scalar extension as 
follows; Let X be a projective smooth and geometrically irreducible variety 
over k. We consider the fiber product Y 2 x k X, where Y2 is the surface of 
Example 13.21 Then py 2 x k x is not injective for any finite scalar extension. 
This follows from the following commutative diagram: 

H 2 (r Y2XX ,Z) S -^CH (Y 2 x X) P ^nf(Y 2 x X) 
H 2 (T Y2 ,Z) 5y2 » CH (Y 2 ) PY2 > nf(Y 2 ). 
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